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The strain of inhomogeneous materials is usually accompanied by distortion in the form
of the component grains, These distortions are random and, even if the average value
of the strains does not exceed the value of the elastic limit, local stresses may be large
enough to cause microplastic shears, It is the latter phenomenon that prompts the study
of not only the average characteristics of an elastic field, but also the deviations of the
strain field from its mean value in the isolated regions of a solid body,

We find.that various correlation functions may be used to study the relationship be-
tween the regions of inhomogeneity, These functions make it possible to construct quan-
titative pictures of microstresses, of deviations of the grains from their equilibrium form
and of their interaction during the strain process,

We shall assume the second order correlation function for the elastic moduli tensor
known, and we shall choose it in the form corresponding to an inhomogeneous medium
with the boundaries between the grains clearly defined, Distortion of the grains during
the strain process are characterized by the binary correlation functions of the stress and
strain tensors and angles of rotation, To obtain the information on the character of the
deformation of grains, we analyze the tensor nd coordinate relationships of the correla-
tion functions indicated above,

1, Let us obtain the autocorrelation tensor of elastic moduli of randomly oriented
polycrystalline specimen, We shall express the elastic moduli tensor A;;,; in an arbitrary
coordinate system in the terms of its value in the crystallographic reference system
)\,:,q,, and the direction cosines @;p

Mg = 0ipjqOir®ighpgrs (1.1)
Then the problem of computing the second order central moment function of the elas-
tic moduli tensor is reduced to the process of averaging the products of direction cosines
Gkl . 447 4°
quru = <A'ijklkpqrs> = [(aiaajbakcaldaptaqu“rvaaw'> -
° L
-— <a'maibakcald> (a'pta'qua'rvuau:)] A'abcd"‘!uvw (12)
Here the brackets { ) denote the averaging over all possible orientations of the
crystallites, while the primes denote the random terms of the elastic moduli tensor

Mikt = Ay — Pjiard
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Direct computation yields (g, o ind = 1/30:;0mn
{Cim@imPan®ind = =i [Siikt + Ya (Bmn — 1) (3d4jaz — 58430,1)] (1.3)
Ly pnPandrnd = — tikparOmn
O imOjmP @ tmOpn®and = =i [OtiktpaOmn + /2 (Smn — 1) (3Bijntpg — Tijx10pq)]
{0 @ jrPmEtmPpon@an® rnPen) =

= 2 (8 + % (Bn— 1) (58730 — 6384341 pars + IBrars)]
where 8;;. ., denotes the sum of products of the Kronecker deltas and where the sum-
mation is performed over all possible permutations of indices except the identity permu-
tations of the type Oy = & i~ The fourth, sixth and eighth order matrices § contain 3,

15 and 105 terms respectively

ikt = 0350k + duxdjt + i (1.4)
Siskipg = 8458u1pq + BixBiipg + Butbinpa + 8ipdinig + digOinip
1kl
6139" = 6i1'6klpt1rs + 6ikailpqra + 6ilbikpqrs -+ 6ipéil:lqn -+
+ 6iq6iklpru + 6ir(sjklpqs + 6isbjklpqr
In the expression (1, 3), :;g‘,’, denotes the matrix
ijkl
p'g‘ru = B:ﬁr? = 6.b(ijbkl);pqra = 6i56klpqra + 6ikb:ilpt;lra -+ 6ubjkpqu +
+ 83xBitpars + 8itdixpars + SuiBispars (1.5)
When computing the averaged products of the direction cosines (1, 3), we have used

the transfer matrix constructed with the help of the Euler angles, When m = n the
averaging of an even number of the direction cosines leads to the terms of the type
1
PrE Bij...8
while the odd number yields zero, When m =~ n,the components of the averaged ma-
trix of direction cosines will differ from zero only when all rows and columns contain
an even number of the elements «;,. _

Let us find the autocorrelation tensor A;;’;,”, for an orthorhombic polycristalline sys-
tem, The elastic moduli tensor of the cristallite possessing orthorhombic symmetry refer-
red to the crystallographic axes, can be written as follows: (1.6)

g .

A'i.ikl = 2 [}"(n)dinéiﬂbimbln + P-(") (binbjnékl + 6ilblmbln) + 4v 6n(iai)(k':,l)n]
n=1
where the following symmetrization is performed over the indices within the rounc

brackets 6n(i6i)k = 1/2 (énibjk + 6111'617:)

Coefficients A(M, u(™ and ¥ are related to the matrix stress constants as follows:
AD = ¢y, + cas + 264 — (€12 + c1a + 2655 + 2e0)
AP = Caa -+ €13 + 2¢55 — (13 + €23 4 2c44 + 2cq0)
A® = cg3 + C1a + 26 — (€13 + €25 + 260 + 2c55)
2}1,(1) = ¢;3 + €13 — a3y 2}1-(2) = ¢z + Ca3 — C13 1.7
2u® = ¢;3 + a3 — €13y 2vI) = ¢gg + Cgg — Cau
2v® = ¢y + Cog — Csp» 2v® = ¢4y + Cy5 — Cas
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Inserting (1,6) into (1.2) and using Formulas (1. 3), we find the autocorrelation tensor of
elastic moduli for orthorhombic polycrystals

A = 2w (z A S Mnmm)) 5 (1.8)

nm

X (45B5rs — 3581gre — 638451Bpqra) + Pra (5re — 32 15000p0ra) +
+ 317 P :’Jflkfl’ +r P v (Boars —  Quiutdpgrs — 1’3,’!.‘) + < PusdiiiDantipedra +
+ 2 Pus (8013Dxn1 (oa0re) + 81Dy tpeBrat — - 811Dy 1padra)) +
+ 51 Pov (981, Dy tpadrey — 381Dkt 1paBra1 — 3804iDxt) (pare) + O1eiDsa) tpadre)

where

Pr="1 (3 SIAPE® S A p.""’) (1.9)
n nm

Toars = Oisittpg®rel + OparstiiOus — s (Biiktdpadrs + Oparsdiidir)

Dy = 2 (dyxdys — 2/38150x1)
and where the symmetrization
4 éiikl[mbrc} = Y3 (Qiuipedrs + O4iki1radpq)

is performed over the indices within square brackets,Expression (1, 8) yields the con-
tractions of the autocorrelation tensor

AR =17 0A Dy, DparsAVEE = Vs (104,885 + 342Dysq)  (1.10)

Ay ="sPuxy, Ay =3/sPes + 8Pw + s 2 AVA

nm

n) _ g(ﬂ) + 3p'(ﬂ)’ g(ﬂ) ;‘(n) + 4\,(1!)

When the polycrystal exhibits higher symmetry, Formulas (1.6) — (1,10) simplify, and
the elastic moduli tensor becomes

A’l;kl = M,m + As E 6:n0in8kndin (1.11)-
for the tetragonal system [1],
Midier = Myjg =+ AoB1gs81sB1s -+ M (ByBsis + 84,8 j58) + 4hsby(id; adps  (1.12)
for the hexagonal system, 3
M ="i§ii + Ao 2160,8;,8n1n (1.13)
for the cubic system and "
M= M0; iy + 2Maby by (1.14)
for the isotropic system,
In the case of tetragonal symmetry we have

el = gy, Cyy = C43, Coe = Css

which leads to the following relations between the one-index coefficients A™, p™, (™

ana A A =2 =2, AB) == Ag + A, ph) = “(2) =1/ (1.15)
p® = Ay + Yok, v = v =10, EO PR YT VX
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This yields A; in terms of ¢,

Ay = ¢4, Ay = ceg, Ay == ey + 2005 + dcog — gy — 26,5 — be,,  (1.16)
Ay = 633 — ¢4, As = ¢4y — Ces, A=y — e1g — 28

When Ags = 0 the relations (1,16) lead to the hexagonal symmetry, while when
Ay = Ay, == As = 0 we have the cubic symmetry, In the latter case the autocorrelation
tensor (1, 8) becomes very simple
L Y,
Agars = §5-7T] (3905 -+ 6304j8,8 gy, — 45B1%1 ) (1.17)
Coefficients 4, and A4, for the tetragonal and hexagonal system are, respectively
Al =13 (Aa+ 3k + 4As)8
A3 =3 (hs + 405)? + %5 (hs - 3he)? +- 82

AP =4, AR =415 (2hs + 5As)t -+ 1242
while for the cubic system thev become
A =0, AL =100 (1.18)

Lomakin [3] obtained the following autocorrelation tensor for an arbitrary, quasi-
homogeneous, randomly oriented medium
AYEL = B 8, 81080+ 28 (BB BpiByg + 0181y BpgBrs) + 418y BpsOg (1-19)
where h; are constants, We see that the autocorrelation tensor given by (1.17) contains,
in the simplest cubic symmetry case, 105 different terms, while the expression (1.19)
contains only nine terms,
The unsuitability of (1,19) for the present case is shown on the. following example,

Direct computation of a component of the autocorrelation tensor A}::} yields

1991 _ »4°8 | 1 — —
A = Pygg> = et <(Z L 6mn)'> =M D) gty g B g =
n n,m
1
= 3he? (&0, 2000 2> = 577 Me? (1.20)
This can also be obtained from (1,17), while according to (1,19), A}}at = 0. Thus we
see that (1.19) can only be used for randomly oriented mechanical mixtures of isotropic
components,
In the case of a two-component mixture the coefficients h; are [4]
hy=cicy Ay — D)%, by = 16y By — Ay) (11 — Pa)y By = crcs (1 — a)*  (1.21)
where ¢; denotes the concentration, while A, and p, are the Lamé constants of the £th

component, Contractions of the elastic moduli autocorrelation tensor are obtained foi
the mechanical mixtures of isotropic components, from the relations (1,19) and (1,21)

Iy .
Alfqe=9D Lo D pqr-A}r,leg =4D,Dy;,, (1.22)
K=\ %p, Dy = <KD, D, =

Comparing (1.10) and (1,22) we note, that the contractions A:",zg are,.from the point
of view of their tensor properties, of opposite character for the polycrystals and for
mechanical mixtures,

2, We shall now describe the deviations of the stress and strain fields 0;;and g;; from
their mean values, in the terms of the corresponding correlation functions, The simplest
correlation function describing the inhomogeneity of the strain field has the form of a



Correlation functions of an elastic field of solid bodies 683

second rank tensor U 1j, which can be expressed in the terms of random components of

the displacement field as Ugi(r—p) = <uy’ (0)uy’ (p)> (2.1)
Here the angle brackets denote the averaging over a region which is large compared

with the spatial dimension of the correlations, but small compared with the intervals

over which the regular parts of the function vary substantially,
In addition to Uy, we shall consider three other correlation functions

Ejjmn (r — p) = <&;;' (r) &mn (p)>, Q5 (r—p) = <oy’ (r) 05 (p)> (2.2)

Sijmn (F— p) = <045 (r) Sma (), @ = aeuilj. x
first of which describes the inhomogeneity of the shear and volume strains, the second
describes local rotations, and the third characterizes the inhomogeneity of the stress
field, Here e,y denotes a unit antisymmetric tensor,
We shall use the equilibrium equation

Lyu;+ f;=0, Ly = ViligumVim = (L) + Ly’ (2.3)

where {L;) is the regular and Lu' is the random component of the operator L, ,
to obtain the correlation functions,

From (2, 3) it follows, that within the approximation including double correlations,the
random component of the displacement vector of a uniformly strained medium can be
written as (5] ' = Gy * Ly’ () = Gix, 1% Metpq Epq) (2.4)
where the asterisk denotes the convolution integration over the whole space and Gy
is the Green's tensor function of the operator {L;). This function can be written in the
terms of the averaged Lame constants {A) and )

1 A+ p>

Gix (1) = gy Mopdu— %7, 1), ®=rras (2.5)
Inserting (2.4) into (2, 1) we obtain
U3 () = ARE Ceped ewd L (1) (2.6)
I¥(r) = G199 % Gyr o () (2.7)
where @ (r) is the radial part of the binary correlation function of the elastic moduli
tensor et (7) Apars (6)> = Apim @ (r— p) (2-8)

Separation of the tensorial from the coordinate relationships for the binary correlation
function of the elastic moduli tensor of the quasi-isotropic solid bodies:follows from the
results of [2 and 6], Let us carry out the averaging process in two stages, firstly for a
single grain, and secondly over all grains in the aggregate, We shall seek the mean value
of the random component of the elastic moduli tensor over one grain at the point p, if
its value at the point r-is known, For this purpose we shall introduce the weight func-
tion, with the aid of which the averaging process shall be carried out, This function will
be equal to unity if both points, r and.pbelong to the same grain, and zero otherwise,

If the crystal habit of the crystallites deviates from the crystallographic axes, then the
weijght function is a scalar, With this in mind we shall draw a sphere of radius p — r
and perform the integration over the angles

e 1 ¢, - .
Mjrr (0) = HS Mjg @ (x—pl, DR =2y (Ne@(r—pl) (2-9)
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This averaging process is performed over the various forms of the crystallites, but not
over the orientations of their crystallographic axes, If the function @ truncates the values
of the random components of the elastic moduli tensor on the boundary of the crystallite,
then the spherically symmetric function ¢ "blurs" the values of the tensor«l;jm over a
region comparable in size with the average size of a crystallite, This function is equal
to unity when r = p and decreases asymptotically with increasing argument,

Let us now perform the averaging over all crystallites, We can assume that the only
difference between the various crystallites lies in the orientation of their crystallographic
axes and, consequently, perform the averaging over the orientations {2], Multiplying both
sides of (2,9) by A7, (1) ’ ’ ) )
Mpgrs (1) Mgy (P) =Aprg (A (D@ (T —p )

and averaging over all or1entat10ns we obtain (2, 8),
Computation of the mtegral I;,., gives

L (r) = — (p), 7 BOiadir + % (T Wradise + T Dasd5r) + % Gitsre ] (2.10)
s (1) = ViV .. Vs { et (i) dk (2.11)

Functions J ) ,ik...sy are given by (2.11) under the condition that the order of differen-
tiation N < 2n,and have the following recurrent relations:

i Bhr..a () =—TT0(), IO =0 () (2.12)
We shall assume that the inhomogeneity of the material results from the presence of
definite boundaries between the separate crystallites, The material properties change
abruptly during the passage from one crystallite to the next, and the spatial part of the
correlation function can be chosen in the form [4 and 5]

— 8nad
e =expt, o*@)=[eomdr=grmm  (213)

Inserting (2. 13) into (2.11) we find the integral J (r)
n—1
() pon n _on 2na r 2a n—k [ r\%¥
170 = (e (1458 exp (— )= 3 Br(s) ] @19

from which we see that the finite function ¢ (r) = exp (—r/a) used to describe the spa-
tial part of the elastic moduli correlation tensor does not lead to the appearance of any
singularities in the integrals J i (M This is due to the fact that when the integral J ")(r)
is differentiated 2n times, all smgular derivatives vanish, For example, for J " we

have J(l)=_a,[(1+-a-) e-n_—i—] (pE':_)

1 8
vivjjs(l) =2a2(1 —¢*) A\VAVS (—p—~) =— —;— (1—e?d(p) 8= 0
8

x,
VI FY =T, 08,4+ T,0%,;,  by;=nn; ("i = Tt)
1 2 2 2 3 6 6 6
(2, 2 e = ) e ) P —
T1()"(p+p’+p’)e P> Ta (1+P+P"+P°)e T
where the subscripts § and F denote, respectively, the singular and the formal part of
the derivatives
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vivj JU = V‘VJ_JS(I) + v‘vj JF(I)

Formulas (2.6),(2.10) and (2, 14) define the correlation function of the displacement
vector, Correlation functions of the strain tensor and angles of rotation can be written,
in the terms of Uy as follows:

Eijmn = =—VaUj m, nys Qyj = — Ye€ipg€irsUpr, s (2.15)
For the correlation function of the stress tensor we have
Sl:mm = Amnpq e <8pq> P+ <A'u’kl> <A'mnpq> Eklpq —-
+ <A‘tikl> <8pq> <eklll'mnpq> + ("‘mnpq) (ekl> <8pqlkljkl> (2'16)
Computing the mixed correlation function (u'hhm,.pq) we obtain
<uk,(r + P) A';ﬂﬂpq (P» = <-Gl.r, s ¥ A'r"afvemMnnpq) =
= rltv <3tn> J. cmbkr + “J. («233 (217)
Thus (2,16) can be written as

Siimn = Arnpa 68> Bpad P + Mijtd Pomnped Eripg +
+ Aretr? i) <Epgd <ew> Ity + ARG nped B> <E0d I (2.18)

It = 55 G % + W %) (2.19)

Expressions (2, 6),(2.15) and (2,18) can be simplified using the following relations
valid for a quasi-isotropic medium

Allpe Cepgd (&rs) = F18:idiq + FaDyj (2.20)
Fy =1/, AYRE Ceis> Cexds Fy = Y3oD s AVRE Coisd <t (2.21)

where the contractions of the tensor 4,4 rsta are given by (1,10),(1,18) and (1,22).
Inserting (2.20) and (2, 21) into (2, 6) we obtain

Uy = (Fy +YF2) Ifi + Falixi (2.22)

The explicit form of the correlation functions of the strain tensor and rotation vector
can be obtained by putting (2. 22) into (2.15)

<p>

FytYsFs _ F,
Eyju = [ﬁ;—;ﬁ—@;—z] I — <p>av(i61) ' (2.23)
Qy = 153 (90 + %) (2:24)

Inserting (2. 19), (2. 20) and (2,23) into (2.18), we obtain the correlation function of
the stress tensor

Siim = 28450 + Fadixpys) @ +n (J.4 o O+ J (lltbu) -+

+ 280 % + 2F Vb ol W] (2.25)
n= (CK — /a3 — /3 (1>2) F2+2(P)’F1 t= (Fy=4sF3) {RO2 4= Fa (A 4 py3
o = &+ o

. . [ ]
8, Let us write the strain tensor as a sum of its volume and shear components

e = /388 + YoDyjei®i 3.1
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Then by (1,10) and (2,21) we shall have, for a polycrystal,

Fy = Yeod Ce)?, Fy= 1044 <€) + Y/g0042 (D2 (3.2)
ed? = Dy <&y;d o) (3.3)

and for a mechnical mixture of isotropic components with (1,22) taken into account,
F, = Dg(e)?, F, =14 D,<e)? (3.9)

From (3,2) and (3, 4) it follows that we can obtain the correlation functions for arbi-
trary strains of an inhomogeneous material by simple summation of the correlation func-
tions for the volume and pure shear strain, With this in mind, we can write the correla-
tion tensors of strains and angles of rotation, as

Ejjin = e <8 =+ e (€2, Q;; == w45 <ed? + wij Ced? (3.5)
By (2.23) and (2, 24), the coefficients €;;; and @;; are

A 4¢y? 2)
Bkl = g s [(3 At 1) o= Vb ol ] (3.6)
34 A
& = m;f'; eijk - m-’fai)jkl
_A @) 34s
m:i = 360 <1p‘,)2 (98:; + J735), 0 = 104, 03 (3.7)
for the polycrystals, and
D
ei;kl = <T—F%|T>_5 fzi)jkz
Dy 174wy @ )
e = sos | (7emgmyi— 1)/ m — Vadnod % | (3.8)
D 1
wi; =0, 04 = gys (P8 + 7 o) (3.9)

for the mechanical mixtures,
The condition }; = 0 means, that the volume strain of the mechanical mixtures of

isotropic components is not accompanied by the rotation of the grains, This is also true
for the volume strain of the polycrystals possessing cubic structure for which, in this case,
the elastic field is homogeneous, For the polycrystals possessing lower order symmetry,
the volume strains are accompanied by the random rotations of the crystallites,

We can obtain expressions analogous to (3,6) and (3, 8) for the correlation function of
the stress tensor Sy, by separating the quantity F; into its deviation and volume com-
ponents and writing analogous relations for n and &.

The scalar function E;;ns (r) gives the correlation between the random components
of volume strains at the points r +- 2 and p , while the contraction of E,j,; (r) with
the deviation tensor yields the correlations for the shear strains,

Corresponding expressions have the form

4
B (r) = %7/}% e(r)y Dkl (r) = *3E 0 (r) + %ﬁ}zq} (r) (3.10)
which yields

B (r) = mg(;—)z;ﬁ (204, <ed? + 3 (54, + 24,)<e>?]  (3.11)
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DisutEiia (¥) = goyap i rys [10P 41 <3 + 3 (204, + pAs) (3?1 (3.42)

P=8+49(2+4 <A /<w)?
for the polycrystal and

Eiji(r) = m%% (15 Dg (e>? + 4Du(ed?) (3.13)
Dyt (¥) = g5coidiss (30Dxc (23* -+ pDy (oY) (3-14)

for the mechanical mixtures,

From (3,10) — (3.14) it follows, that the radial dependence of both, contractions of
the correlation tensors of the strain field and contractions of the correlation function of
the elastic moduli tensor, has the same character, Generally speaking, the correlations
between the random components of the volume or shear strain exist in both these cases
of macro-strain, In some cases however, they may become simpler. Thus for the cubic
polycrystals 4, = 0, therefore the random component of the elastic field is absent in the
volume strains,

In the case of mechanical mixtures, ¢e)* and <e)? are preceded by the autocorrela-
tion coefficients of the corresponding elastic moduli. The latter means, that the neces-
sary condition for the random component of shear strains to appear when ¢ey = 0 is, that
the moduli of the shear components assume different values, The random component of
the shear strain may also appear when the shear moduli coincide, but then we must have
<e> = 0. Analogous argument holds for the random component of the volume strains,

Correlations between the rotations of individual grains are given by the function-Q
ita contraction being given by

ij:

Qi (1) = 70 (1) (3.15)
Thus we obtain )
.
Qi (r) = %ﬁ (104, <e)? + 34, ¢ed?) (3.16)
D
Qi (r) = o5 @ (7) Ced? (3.17)

for the polycrystal and for the mechanical mixture respectively,

Expression £;, can be regarded as a scalar product of random vectors taken at the
points r+ p and p. We can easily see that the correlation function constructed on the
basis of vector products of the corresponding vectors becomes zero i.e. ey Q= 0.
This follows from the properties of the model of the quasi-isotropic space which is used
here, and in which Q,; (r) = Qy (r).

Similar relations can be written for the correlation function of the stress tensor, Coor-
dinate dependence of the corresponding contractions is also given by the function @ (r).
This follows from

St (@) =2@n+20+ F) @ (), DyjiaSiua(r) =4Ys (48 -+ 5F,) @ (r) (3.18)

In the case of a polycrystal, contractions of the correlation tensor of the stress field
have the form

Sy () = 22—52%'};)—, [30 CK)? A4, <ed? 4 (40 (ud? A, + 9 CKD? 4,) (e)?]
(3.19)
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DyjxiSijua (r) = 2025—3(3_2—1,‘), [109.4;<e)® + 3 (40 <p)? 4, + g 45) <e)?)
3.20
g =27 ¢K)? 4 48(Kp) + 32 (u)? 40

while for the mechanical mixture we have, respectively
4
Sia (1) = m?{_——(gw(zo (B2 D <ed® 4 3<K )2 Dy<ed?) (3.21)
4
DS (r) = g5iadess (60 WY D ey* + qDucedt)  (3.22)

4, Let us compare the fluctuation characteristics of the stress and strain fields. We
introduce the following dimensionless partial correlation functions

E. = (eiin) ", E, = (DIJHBICJ“)II’ (4.1

1
Se (DkalSukl)

S, = 3K <o) (S. ) s

2 <p> {e>
The subscript accompanying E and'§ shows, which of the components of the strain
tensor (shéar e or volume. €) is different from zero, Thus when r = 0, the function E,
gives the respective spatial fluctuation of the volume strains appearing when strain takes
place without shear, while E, yields the relative fluctuation of the shear strains taking

place when the material is strained with its mean volume kept constant,
Computing £ and § for mechanical mixtures, we obtain

Egz — DK q? (7') , Eez . 2pr.(P (r)
<+ 2p)2 45 (A 4 2p)® 4.2)
S 16 {p>* Dy @ (1) g2 Do (r) (4.
TR 2p)t ! ¢ T AD (uY2 A+ 2py?
which, in turn, yields the ratios of the dimensionless partial correlation functions of the
stress and strain fields S,  4¢py S, q g\
ok 7w 43)

From (4. 3) we see that the relative spatial fluctuations of the stress and strain fields
coincide only when (K) = %/3 {p). For volume strains, the ratio of the dimension-
less partial correlation functions yields directly the coefficient 4/5 {p) (KD, while
in the case of shear strains we have, on inserting the explicit expressions for p and ¢
o (49 =1 g i el e T (4.4)
E 9 <K 4 24 (K (p> 424 (p)?

The second critical case takes place when the relative spatial fluctuations of the elas-
tic field occur under pure shear, and shear fluctuations under volume strains, Putting

1 1 s t
gy = (Bix)™, ey = (DijuEim)"y o4 = (Sifk) ", = (DyiiaSijur) * (4.5)
we can find the connection between the characteristics of the random stress and strain
fields o, = 3<K)e,, S = 2{p)ey (4.6)

We note that when p = 0 (limit transition of an emulsion or a mixture of polymers
possessing the property of fluidity after the full relaxation of stresses), the correlation
stress tensor §, ;/ becomes zero as expected, while the contractions of the correlation
tensor of strams assume the form
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Ejyux = *IaDyjxiEyjpq = <K>7Dy (&> 9 (1) 4.7
For polycrystals,(4,1) is replaced by
24,9 (r 204 A r
2 . C2 __ 19 (r) g _ (20414 pAs) @(r)
B =8 = 135 <A F 2py?°’ Ee = 1350 <A 4 2u)% (4.8)

Sz — G0t At gA) o(r)
¢ 2700 <u2y <A+ 2p?

From this we see that, unlike the case of mixtures of the isotropic components, here
the relative spatial fluctuations of the volume stresses and strains coincide for all poly-
crystals, When the macro-strains are pure shear, the dimensionless relative correlation
functions for the shear components of the elastic field will coincide, as in the case of
mechanical mixtures, only when (K) = 4/3 {u). To confirm this, it is sufficient to

represent S,/E, as Ee_ _ [4+ BK — dny 3K + Ay A’].,.

E 2py? (20 A1 + pA)

: (4.9)

For the characteristics of the random volume components of the elastic field appearing
during the average shear strains and of the random shear strains and stresses appearing
when the polycrystal undergoes volume strain, we have, instead of (4.6),

— __ 5A1¢3K — 4p> <3K 4+ 4p> iy
Su = 3Ky e, [1— e ] (4.10)
= 4 (BK—l4py 3K+ 4py
=20 [1 9<CKH3A4- 24 <K > + 24 <p>2] (4.11)

Expressions (4. 10) and (4, 11) reduce to (4.6) when (K} = #/3(u).

As we noted before, the coordinate relationship is the same for the contractions of the
elastic field correlation tensors and for the binary correlation function of the elastic
moduli tensor, This relationship however, becomes more complicated for the arbitrary
components of the elastic field correlation tensors, General expression for the second and
fourth rank tensors has, in the quasi-isotropic space, the form [7 and 8]

Tii (r)=T1(r) 65j+ Ty (r) wij (412)

T‘l]'kl (r) =T (r) Gijsk_l + T2 (r) D““ 4+ Ts(r) (Gij‘p“ + ‘Pi,ﬁkl) +
=+ Ty (r) "(iéj)(knl) + Ts(r) ‘pijkl (4-13)
\pﬁ =n;n,, Vit = B0 n=r/r (4.14)

Let us now obtain the functions T, (r) and T4 (r) for the correlation tensor Q;; in their
explicit form, Inserting (2.13) into (2.24) we obtain

9 (1) = R (1) 8,5+ ©a (1) ¥y (4.15)
F? F.
U =P+, QEO=—%HC)—zan®)  (G16)
2 2a® 2a?
0.0 =2[(1+ 2+ 5o - 7] (4.47)

We easily see that the contraction Q;; leads to Formula (3, 15). From (4, 16) and
(4,17) it follows that when r— 0 and r — oo , the functions Q, and Q, are

Fa F . 3Fa® 1
QO =ganir AO=fggyn DE)=—3%(©) =zgaTr (18
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i.e, when r == (, then the second term in (4, 15) vanishes, whileswhen r — oo, then

; (r) decreases at the slower rate than the exponential expression defining @ (7).
Similarly we can obtain the functions T; (r) for the fourth rank correlation tensors of

the strain and stress fields E;;p(7) and Sy ().
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